ABSTRACT. It is proved that, if a finite rank completely decomposable group has extractable typeset of cardinality at most 5, all its balanced subgroups are also completely decomposable. Balanced Butler groups with extractable typeset of size at most 3 are almost completely decomposable and decompose into rank 1 and/or rank 3 indecomposable summands. We also construct an indecomposable balanced Butler group whose extractable typeset is of size 4 which fails to be almost completely decomposable.
containing inf(S) and sup(S) respectively. A characteristic is said to be idempotent if its kth component is either 0 or 00 for every positive integer k and a type will be said to be idempotent if it contains an idempotent characteristic. If T1 and T2 are any two types the notation T111T2 means that T1 and T2 are incomparable. Recall that a subgroup H of a torsion-free group G is said to be balanced in G if H is pure in G and, for every 9 E G, there exists h E H such that the p-height of 9 + h in G is equal to the p-height of 9 + H in G j H for every prime p. This is equivalent to saying that the sequence 0 -+ H ( T) -+ G ( T) -+ (G j H) ( T) -+ 0 is exact for every type T.
Let G be torsion-free and completely decomposable, i.e. G is a direct sum of rank one torsion-free groups. A type T is said to be an extractable type of G if G has a rank one summand of type T. The extractable typeset of G, denoted by c(G), is the set of all extractable types of G. A finite rank torsion-free group is called a Butler group if it is a pure subgroup of a finite rank completely decomposable group and is called a balanced Butler group if it is a balanced subgroup of a finite rank completely decomposable group. DEFINITION . Let H be a Butler group. The extractable typeset of H is the set
c(H) = {T E T(H): (H*(T))* ~ H(T)}.
(In [2] 
this set is called the critical typeset of H.) c(H) is finite since T(H) is finite and, for every T E c(H), H(T) = HTffi(H*(T))* where HT is a nonzero homogeneous completely decomposable group [4, Theorem 4]; T(H) = {inf(S): S <::;; c(H)} [2,
The following lemma will be referred to repeatedly throughout this note and its proof can be found in [6] . LEMMA 
Let H be a balanced subgroup of a completely decomposable group.

If T(H) contains two distinct types T1 and T2 such that Hh) n H(T2) = {O} then H (Td ffi H (T2) is a pure subgroup of H.
Theorem 3 in [4] asserts that a Butler group whose extractable typeset is a singleton is completely decomposable. In [6] we proved an analogue of this theorem which states that a balanced Butler group with extractable typeset of cardinality at most two is completely decomposable. The following lemma can be used to give an alternative proof of Theorem 1 in [6] .
for every hE H(r). We then have DEFINITION. Let T be any nonempty set of types and let T1 and T2 be two distinct types in T. Then T1 is said to be a cover of T2 in T if T2 ~ T1 and there is no T in T such that T2 ~ T ~ T1. T is said to be a tree if, for any two types T1 and T2 in T satisfying T1jh, there is no T in T such that T ~ SUp{T1,T2}' We say that T is a tree of branching order at most n, n a positive integer, if T is a tree and every element of T has at most n covers in T.
XG(T)(gO + ho) = XG(T)/H(T)(gO + H(T)) which implies that H(T) is balanced in G(T). Since H(T) is balanced in a direct
We recall a theorem of Butler which states that a Butler group is almost completely decomposable if its typeset is a tree of branching order at most 2. We prove the following analogue of this theorem, using Lemmas 1 and 2 and the inductive argument employed in the proof of Theorem 7 in [4J. The first part of this theorem is an extension of Theorem 1 in [6] Let G = EBrEc(C) Gr be a homogeneous decomposition of a finite rank completely decomposable group and, for every T E £ (G), let 7r r: G --+ Gr be the projection with kenr = EBr#rl Grl. Lemma 86.8 in [5] asserts that if £(G) is a singleton, then every pure subgroup of G is a direct summand. We will need the following lemma to derive a similar result for balanced subgroups. PROOF. In view of Lemma 86.8 in [5] we need only consider the case where 
£(G). If there exists
0 =J h E H such that £ = {T E £(G): 7rr (h) =J O}, then T ~ inf{ T' E £ : T' =J T} for every T E £ satisfying H( T) = {O}. PROOF. Consider the coset 7r r (h) + H in G / H. Since H is balanced in G there exists ho E H such that xC(7rr (h) + ho) = XC/H(7rr(h) + H) ~ XC(7rr (h) + h') for every h' E H. Thus T :::; typec/H(7rr (h) + H) = typec(7rr (h) + ho) which implies that go = 7rr (h) + ho E G(T). Thus ho = go -7rr (h) E H n G(T) = H(T) =1£ (G) I = 2. Put £ (G) = {Tl'
PROOF. The proof is by induction on T(H). If IT(H)I :::; 2, T(H) is linearly ordered and H is completely decomposable by Theorem 5 in [4]. Assume that
IT(H)I = n and every balanced Butler group whose typeset is a ladder and has cardinality at most n -1 is completely decomposable. Let ro = inf T( H) and let
T1 be a cover of TO in T(H). Then H(Tt} is a balanced completely decomposable subgroup of Hand T( H / H (rtl) ~ T( H).
If there are two distinct types T2 and r3
Thus {T1' T2, r3} is an antichain, a contradiction. Hence T( H / H (rt}) is linearly ordered which implies that H / H (rt) is completely decomposable. Thus H (rt) is a summand of H with a completely decomposable complement.
The following lemma will be very useful in the proof of Theorem 4 below.
LEMMA 4. Suppose that H is balanced in
G = G1 EB G2, Gi -=I-{O}, i = 1,2,
where G is an arbitrary torsion-free group. If there is a type r such that H (r) = {O} and G1 (T) = G1, then H is isomorphic to a pure subgroup of G2.
PROOF. Let 7r1: G --+ G1 and 7r2: G --+ G2 be the projections associated with 
Thus XC(g2) = X7r2(H)(g2) and therefore 1T2(H) ( with ni a nonnegative integer less than 6, will mean that Ic(G)1 = L7=1 ni and
In view of Theorem 2 above, we need only consider the cases where Ic(G)1 = 3, 4 or 5. There is no loss of generality in assuming that H (r) = {o} for every rEM 1.
For the sake of convenience the proof is in three stages, according to whether
For all three situations, T(H) is a ladder and H is completely decomposable.
There are two possibilities to consider: 
G/H(T) = (G(r)/H(r)) EB (G.(r) + H(r))/H(r).
Since H( r) is balanced in H, (H / H( r))( r) = {O} and (G( r)/ H( r))( r) = G( r)/ H( r).
For these possibilities, T(H) is a ladder and Theorem 3 implies that H is completely decomposable.
If 7 E ).h, then it is easy to see that IE(G(7))1 = 2 or 3. The first paragraph of 
T(H) is a ladder and H is completely decomposable by Theorem 3.
Case 8. 
. This implies that E(C(r)) is a chain, T(C(r)) is also
Let 7 E ]\-b and observe that IE(C(7))1 = 2 or 3 or 4. We need only consider the case where IE(C(7))1 = 2. Then IE(C(7))1 is a chain and there is no loss of generality in assuming that H(7) = {o}. Let {71, r2, r3} be the extractable typeset of a complement of C (7) 
C(G(TO)) is a chain and there is no loss of generality in assuming that H(TO) =
{a}. We then proceed in exactly the same way as in Case 11. Let T be a finite set of types. We denote by 8(T) the maximum length of a chain of types in T. It can be shown that if G is a completely decomposable group with Ie (G) I = 6 and 8 (c (G)) 2:: 3, then every balanced subgroup of G is completely decomposable. The proof is similar to the proof of Stage 3 in the previous theorem. In [6] we constructed a finite rank completely decomposable group G with Ic(G)1 = 6 and 8(c(G)) = 2 which contains an indecomposable balanced subgroup H with Ic(H)1 = 3.
Our next theorem is an analogue of Theorem 1 in [1] . The proofs of certain sections of this theorem are essentially due to Arnold and are included for the sake of completeness.
THEOREM 5. Let H b e a balanced Butler group with extractable typeset C (H) = { Tl, T2, T3}. Then
(a) H is completely decomposable if one of the following conditions is satisfied.
(ii) SUp{Tl,T2,T3} = (00,00,00, ... ,00).
(b) If H is indecomposable, H is of rank 3. (c) If H' is a nonzero indecomposable summand of H, H' is of rank 1 or rank 3.
PROOF. (a)(i) Let 8(T(H)) > 2. If 8(c(H)) > 1, then T(H) is a ladder and Theorem 3 implies that H is completely decomposable. If 8(c(H)
= 1, then C = {inf h, Tj}: 1 ::; i < j ::; 3} must contain at least two elements. Thus there is an element of C (H) which is incomparable with some element in C, say TIll inf {T2, T3}' Then, Lemma 1 implies that H (T2) EB H (T3) is a pure subgroup of
H. By Lemma 2, H(T23) = (H*(T23))* = H(T2) EB H(T3) is a balanced subgroup of H, T23 = inf {T2, T3}' Thus HI H (T23) is a homogeneous Butler group of type Tl and this implies that
(b) Let SUp{Tl,T2,T3} = (00,00, ... ,00). In view of (i) we may assume that In [2] , several characterizations of Butler groups are give (Lemma 1.1, Theorems 1.10, 1.12, and 1.13). It is natural to ask whether parallel characterizations can be obtained for the class of balanced Butler groups. Also, can one characterize all those completely decomposable groups any balanced subgroup of which is completely decomposable?
